This paper illustrates a computational approach to Culler-Morgan-Shalen theory using ideal triangulations, spun-normal surfaces and tropical geometry. Certain affine algebraic sets associated to the Whitehead link complement as well as their logarithmic limit sets are computed. The projective solution space of spun-normal surface theory is related to the space of incompressible surfaces and to the unit ball of the Thurston norm. It is shown that all boundary curves of the Whitehead link complement are strongly detected by its character variety. The specific results obtained can be used to study the geometry and topology of the Whitehead link complement and its Dehn surgeries. The methods can be applied to any cusped hyperbolic 3-manifold of finite volume.
Introduction
The study of the topology and the geometry of 3-manifolds via affine algebraic sets, which are related to representations of the fundamental group into SL 2 pCq and PSL 2 pCq, has led to many deep results about 3-manifolds including the proofs of the Smith conjecture [27] , the cyclic surgery theorem [12] and the finite surgery theorem [3] . At the heart is a construction due to Culler and Shalen [13] , which associates essential surfaces in the manifold to the finitely many ideal points of a curve in the character variety via actions on trees. Work of Morgan and Shalen [28] associates, more generally, transversely measured codimension-one laminations in the manifold to the ideal points of a component of the character variety.
For any ideal triangulation of a non-compact, orientable, topologically finite 3-manifold there is a socalled deformation variety [39] , which is equipped with an algebraic map into (but possibly not onto) the character variety. The deformation variety is a version of Thurston's parameter space [33] ; both depend on the choice of ideal triangulation and are therefore not unique (not even up to birational equivalence). The deformation variety is compactified in [39] using the logarithmic limit set due to Bergman [1] , and it is shown that each point in the logarithmic limit set is associated with a transversely measured singular codimension-one foliation of M, formalising a relationship originally observed by Thurston. The logarithmic limit set of the deformation variety can be computed with the software package gfan, which resulted from work of Bogart, Jensen, Speyer, Sturmfels and Thomas [2] . The ramification of this is an algorithmic approach to the character variety techniques of Culler, Morgan and Shalen in general, and to computing boundary curves strongly detected by the character variety in particular. This paper illustrates this algorithmic approach to the character variety techniques of Culler, Morgan and Shalen by applying it to the Whitehead link complement (with its standard triangulation). To give a complete and unified picture, all relevant varieties and the maps between them are computed for the Whitehead link complement, and the spun-normal surfaces and ideal points are analysed in detail. The resulting information recovers the computation of the space of incompressible surfaces by Floyd and Hatcher [15] , as well as the boundary curve space computed by Lash [25] and Hoste and Shanahan [20] . It is shown that all non-compact spun-normal surfaces are essential and dual to ideal points of the character variety. However, it is also shown that there are fake ideal points of the deformation variety: there is a trivial, closed normal surface associated to an ideal point of the deformation variety of the Whitehead link complement.
The contents of this paper is as follows:
Section 2 (Character varieties, ideal points and essential surfaces) This section summarises background material pertaining to various varieties associated to representations of 3-manifold groups into SL 2 pCq and PSL 2 pCq. It serves as a quick trip through Culler-Shalen theory and discusses Bergman's logarithmic limit set [1] and the eigenvalue variety [37] . The eigenvalue variety is a multi-cusped analogue of the A-polynomial of Cooper, Culler, Gillet, Long and Shalen [9] . Section 3 (The deformation variety and normal surfaces) This section describes the relationships between the deformation variety, the character and the eigenvalue varieties exhibited in [39] . The required elements of normal surface theory of an ideally triangulated 3-manifold are outlined, and the projective admissible solution space is defined and related to the logarithmic limit set of the deformation variety.
None of the material up to this point is new; it is mostly collated from [1, 32, 37, 38, 39] and included for convenience of the reader.
Section 4 (The Whitehead link) The ideal triangulation T W of the complement W of the Whitehead link that is used for all computations in this paper is described, and differences between the right-handed and the left-handed Whitehead link, as well as different choices of meridians and longitudes are discussed.
Section 5 (Deformation and Eigenvalue varieties)
The deformation variety DpT W q and the Dehn surgery component E 0 pWq of the PSL 2 pCq-eigenvalue variety are computed. It turns out that DpT W q and E 0 pWq are birationally equivalent; this is shown via a variety CpWq, which parameterises certain representations of π 1 pWq into PSL 2 pCq and which can be viewed as a de-singularisation of DpT W q. These computations were used by Indurskis [21] to determine Culler-Shalen semi-norms. The SL 2 pCq-and PSL 2 pCq-character varieties of W , and in particular their respective Dehn surgery components X 0 pWq and X 0 pWq, are computed in Appendix C.
All maps constructed are summarised in below commutative diagram. The horizontal maps are birational isomorphisms, and all other maps are generically 4-to-1 and correspond to actions by the Klein four group. The bar in the notation indicates that a variety is associated to representations into PSL 2 pCq.
r e e χ Section 6 (Embedded surfaces) The projective admissible solution space PFpT W q of spun-normal surface theory is computed, and a criterion due to Dunfield is used to determine which spun-normal surfaces are essential. The unit ball of the Thurston norm is derived using this information. Results by Walsh [41] and Kang and Rubinstein [24] on the normalisation of essential surfaces are used to determine the space PLpWq of all essential surfaces and the boundary curve space BCpWq. This computation is compared with work of Floyd and Hatcher [15] , Lash [25] and Hoste and Shanahan [20] .
Section 7 (Logarithmic limit sets) The logarithmic limit set D 8 pT W q of the deformation variety DpT W q is homeomorphic to a closed subset of PFpT W q according to [39] . Both D 8 pT W q and the logarithmic limit set of the eigenvalue variety E 0 pWq are determined. The computation in particular shows that all strict boundary curves of W are detected by the Dehn surgery component of the character variety.
Since the boundary curves of fibres are detected by reducible characters, this shows that all boundary slopes of the Whitehead link are strongly detected. In addition, it is shown that D 8 pT W q has a fake ideal point.
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Character varieties, ideal points and essential surfaces
This section summarises background material pertaining to various varieties associated to representations of 3-manifold groups into SL 2 pCq and PSL 2 pCq. The first four subsections outline the bread and butter of Culler-Shalen theory; the reader is referred to Shalen [32] for details. This is followed up with a description of Bergman's logarithmic limit set [1] in §2.5, and the eigenvalue varieties [37] in § §2.6-2.7.
Character variety
Let Γ be a finitely generated group. The representation variety of Γ is the set RpΓq " HompΓ, SL 2 pCqq, which is regarded as an affine algebraic set (see [13] ). Two representations are equivalent if they differ by an inner automorphism of SL 2 pCq. A representation is irreducible if the only subspaces of C 2 invariant under its image are trivial. This is equivalent to saying that the representation cannot be conjugated to a representation by upper triangular matrices. Otherwise a representation is reducible.
Each γ P Γ defines a trace function I γ : RpΓq Ñ C by I γ pρq " tr ρpγq, which is an element of the coordinate ring CrRpΓqs. For each ρ P RpΓq, its character is the function χ ρ : Γ Ñ C defined by χ ρ pγq " tr ρpγq. Irreducible representations are determined by characters up to equivalence, and the reducible representations form a closed subset RedpΓq of RpΓq. The collection of characters XpΓq can be regarded as an affine algebraic set, which is called the character variety. There is a regular map t : RpΓq Ñ XpΓq taking representations to characters. If Γ is the fundamental group of a topological space M , then RpM q and XpM q denote RpΓq and XpΓq respectively.
There also is a character variety arising from representations into PSL 2 pCq, see Boyer and Zhang [4] , and the relevant objects are denoted by placing a bar over the previous notation. The natural map q : XpΓq Ñ XpΓq is finite-to-one, but in general not onto. As with the SL 2 pCq-character variety, there is a surjection t : RpΓq Ñ XpΓq, which is constant on conjugacy classes, and with the property that if ρ is an irreducible representation, then t´1ptpρqq is the orbit of ρ under conjugation.
Dehn surgery component
Suppose M is the interior of an orientable, compact, connected 3-manifold M with non-empty boundary consisting of a pairwise disjoint union of tori. If M admits a complete hyperbolic structure of finite volume, then there is a discrete and faithful representation π 1 pM q Ñ PSL 2 pCq. This representation is necessarily irreducible, as hyperbolic geometry otherwise implies that M has infinite volume. The following result (see [33, 32] ) will be relied on:
Theorem 1 (Thurston) Let M be a complete hyperbolic 3-manifold of finite volume with h cusps, and let ρ 0 : π 1 pM q Ñ PSL 2 pCq be a discrete and faithful representation associated to the complete hyperbolic structure. Then ρ 0 admits a lift ρ 0 into SL 2 pCq which is still discrete and faithful. The (unique) irreducible component X 0 in the SL 2 pCq-character variety containing the character χ 0 of ρ 0 has (complex) dimension h.
Furthermore, if T 1 , . . . , T h are the boundary tori of a compact core of M , and if γ i is a non-trivial element in π 1 pM q which is carried by T i , then χ 0 pγ i q "˘2 and χ 0 is an isolated point of the set
The respective irreducible components containing the so-called complete representations ρ 0 and ρ 0 are denoted by R 0 pM q and R 0 pM q respectively. In particular, tpR 0 q " X 0 and tpR 0 q " X 0 are called the respective Dehn surgery components of the character varieties of M , since the holonomy representations of hyperbolic manifolds or orbifolds obtained by performing high order Dehn surgeries on M are near ρ 0 (see [33] ). We remark that Dehn surgery components are generally not unique, even if one considers representations into PSL 2 pCq (see [7] for examples). The point is that there are two conjugacy classes of discrete and faithful representations into PSL 2 pCq. They correspond to the two different choices of orientation of M and are related by complex conjugation.
Essential surfaces
An (embedded) surface S in the topologically finite 3-manifold M " intpM q will always mean a 2dimensional PL submanifold of M with the property that its closure S in M is properly embedded in M , that is, a closed subset of M with BS " S X BM . A surface S in M is said to be essential if its closure S is essential in M as described in the following definition:
Definition [32] A surface S in a compact, irreducible, orientable 3-manifold M is said to be essential if it has the following five properties:
(1) S is bicollared;
(2) the inclusion π 1 pS i q Ñ π 1 pM q is injective for every component S i of S ;
(3) no component of S is a 2-sphere;
(4) no component of S is boundary parallel;
(5) S is nonempty.
The boundary curves of S, S X BM , are also called the boundary curves of S.
Ideal points, and valuations
In case that V is a 1-dimensional irreducible variety, there is a unique non-singular projective varietỹ V which is birationally equivalent to JpV q.Ṽ is called the smooth projective completion of V , and the ideal points ofṼ are the points ofṼ corresponding to JpV q´JpV q under the birational equivalence. Moreover, the function fields of V andṼ are isomorphic.
Let C Ă XpM q be a curve, i.e. a 1-dimensional irreducible subvariety, and denote its smooth projective completion byC . We will refer to the ideal points ofC also as ideal points of C . The function fields of C andC are isomorphic. Denote them by K . Any ideal point ξ ofC determines a (normalised, discrete, rank 1) valuation ord ξ of K , by
Note that ord ξ pzq " 0 for all non-zero constant functions z P C. In the language of algebraic geometry, the valuation ring tf P K | ord ξ pf q ě 0u of ord ξ is the local ring at ξ .
Culler and Shalen [13, 32] associate essential surfaces in a 3-manifold M to ideal points of curves in the character variety XpM q. The ingredients are as follows:
(1) A curve in XpM q yields a field F with a discrete valuation at each ideal point and a representation P : π 1 pM q Ñ SL 2 pF q.
(2) The group SL 2 pF q acts on the associated Bruhat-Tits tree T v and using P we can pull this back to an action of π 1 pM q on T v that is non-trivial and without inversions.
(3) A non-trivial action of π 1 pM q without inversions on a trees gives essential surfaces in M via a construction due to Stallings.
Logarithmic limit set
Let CrX˘s " CrX˘1 1 , . . . , X˘1 n s.
Given an ideal I Ă CrX˘s, let V " V pIq be the corresponding subvariety of pC´t0uq n . Bergman gives the following three descriptions of a logarithmic limit set in [1]:
1. The tropical variety: Define V val as the set of n-tuples
as v runs over all real-valued valuations on CrX˘s{I satisfying ř vpX i q 2 " 1.
A geometric construction:
Define the support spf q of an element f P CrX˘s to be the set of points α " pα 1 , . . ., α n q P Z Z n such that X α " X α 1
1¨¨¨X
αn n occurs with non-zero coefficient in f . Then define V sph to be the set of ξ P S n´1 such that for all non-zero f P I , the maximum value of the dot product ξ¨α as α runs over spf q is assumed at least twice. Geometrically, this is:
where Newtpf q is the Newton polytope and SphpNewtpfits spherical dual. The latter consists of all outward pointing unit normal vectors to the support planes of Newtpf q which meet Newtpf q in more than one point.
Bergman shows in [1] that V val " V sph .
The logarithmic limit set:
Define V log as the set of limit points on S n´1 of the set of real n-tuples in the interior of B n :
Bergman shows in [1] that we have V log Ă V val " V sph . It follows from work by Bieri and Groves [5] that all sets in fact coincide:
Let V 8 " V log be the logarithmic limit set of the variety V . The ideal generated by a set of polynomials tf i u i shall be denoted by Ipf i q i , and the variety generated by the ideal I is denoted by V pIq or V pf i q i , if I " Ipf i q i . The following fact completely determines the tropical variety of a principal ideal:
In general, we have the following:
Theorem 4 (Bieri-Groves Polyhedrality) The logarithmic limit set V 8 of an algebraic variety V in pC´t0uq n is a finite union of rational convex spherical polytopes, all having the same dimension, namely
The following is of interest to applications:
Lemma 5 [37] Let V be an algebraic variety in pC´t0uq m , and ξ P V 8 be a point with rational coordinate ratios. Then there is a curve C , i.e. an irreducible subvariety of complex dimension one, in V such that ξ P C 8 .
Eigenvalue variety
Let M be an orientable, irreducible, compact 3-manifold with non-empty boundary consisting of a disjoint union of h tori, denoted T 1 , . . . , T h .
Given a presentation of π 1 pM q with a finite number, n, of generators, γ 1 , . . ., γ n , introduce four affine coordinates (representing matrix entries) for each generator, which are denoted by g ij for i " 1, . . ., n and j " 1, 2, 3, 4. View RpM q as an affine algebraic set in C 4n defined by an ideal J in Crg 11 , . . ., g n4 s.
There are elements I γ P Crg 11 , . . ., g n4 s for each γ P π 1 pM q such that I γ pρq " tr ρpγq for each ρ P RpM q.
Identify M i and L i with generators of impπ 1 pT i q Ñ π 1 pM qq. Thus, M i and L i are words in the generators for π 1 pM q. In the ring Crg 11 , . . ., g n4 , m˘1 1 , l˘1 1 , . . ., m˘1 h , l˘1 h s, we define the following polynomial equations:
for i " 1, . . ., h. Let R E pM q be the variety in C 4nˆp C´t0uq 2h defined by J together with the above equations. For each ρ P RpM q, the equations (3-5) have a solution since commuting elements of SL 2 pCq always have a common invariant subspace. The natural projection p 1 : R E pM q Ñ RpM q is therefore onto, and p 1 is a dominating map.
If pa 1 , . . ., a 4n q P RpM q, then there is an action of Z Z h 2 on the resulting points pa 1 , . . ., a 4n , m 1 , l 1 , . . ., m h , l h q P R E pM q by inverting both entries of a tuple pm i , l i q to pm´1 i , l´1 i q. The group Z Z h 2 acts transitively on the fibres of p 1 . The map p 1 is therefore finite-to-one with degree ď 2 h . The maximal degree is in particular achieved when the interior of M admits a complete hyperbolic structure of finite volume, since Theorem 1 implies that there are points in X 0 pM q´Y h i"1 tI 2 M i " 4u. The eigenvalue variety EpM q is the closure of the image of R E pM q under projection onto the coordinates pm 1 , . . ., l h q. It is therefore defined by an ideal of the ring Crm˘1 1 , l˘1 1 , . . . , m˘1 h , l˘1 h s in pC´t0uq 2h .
Note that this construction factors through a variety X E pM q, which is the character variety with its coordinate ring appropriately extended, since coordinates of XpM q can be chosen such that I γ (as a function on XpM q) is an element of the coordinate ring of XpM q for each γ P π 1 pM q. Let t E : R E pM q Ñ X E pM q be the natural quotient map, which is equal to t : RpM q Ñ XpM q on the first 4n coordinates, and equal to the identity on the remaining 2h coordinates.
There also is a restriction map r : XpM q Ñ XpT 1 qˆ. . .ˆXpT h q, which arises from the inclusion homomorphisms π 1 pT i q Ñ π 1 pM q. Therefore denote the map X E pM q Ñ EpM q by r E . Denote the closure of the image of r by X B pM q. There is the following commuting diagram of dominating maps:
Note that the maps p 1 , p 2 , t and t E have the property that every point in the closure of the image has a preimage, and that the maps p 1 , p 2 and p 3 are all finite-to-one of the same degree.
Recall the construction by Culler and Shalen. Starting with a curve C Ă XpM q and an irreducible component R C in RpM q such that tpR C q " C , one obtains the tautological representation P : π 1 pM q Ñ SL 2 pCpR C qq. Let R 1 C be an irreducible component of R E pM q with the property that p 1 pR 1 C q " R C . Then CpR 1 C q is a finitely generated extension of CpR C q, and P may be thought of as a representation P : π 1 pM q Ñ SL 2 pCpR 1 C qq. If r E t E pR 1 C q contains a curve E , then CpR 1 C q is a finitely generated extension of CpEq, and essential surfaces can be associated to each ideal point of E using P . Since the eigenvalue of at least one peripheral element blows up at an ideal point of E , the associated surfaces necessarily have non-empty boundary (see [9] ).
Thus, if there is a closed essential surface associated to an ideal point of C , then either r E t E pR 1 C q is 0-dimensional, or there is a neighbourhood U of an ideal point ξ of R 1 C such that there are (finite) points in r E t E pU q´r E t E pU q. The later are called holes in the eigenvalue variety, examples of which are given in [35] .
The action of Z Z h 2 on the eigenvalue variety EpM q induces an action of Z Z h 2 on its logarithmic limit set E 8 pM q Ă S 2h´1 . The action is generated by taking ξ " px 1 , . . ., x 2i´1 , x 2i , . . ., x 2h q P E 8 pM q to px 1 , . . .,´x 2i´1 ,´x 2i , . . ., x 2h q P E 8 pM q for i " 1, . . ., h. Factoring by these symmetries, a quotient of E 8 pM q is obtained in the space IRP 2h´1 {Z Z h´1 2 -S 2h´1 . The quotient map extends to a map ϕ : S 2h´1 Ñ S 2h´1 of spheres, which has degree 2 h . Let P "ˆ0 1 1 07 and let P h be the block diagonal matrix with h copies of P on its diagonal. Then P h is orthogonal, and its restriction to S 2h´1 is a map of degree one. The main result of [37] is: Lemma 6 (Boundary slopes) Let M be an orientable, irreducible, compact 3-manifold with non-empty boundary consisting of a disjoint union of h tori. If ξ P E 8 pM q is a point with rational coordinate ratios, then there is an essential surface with boundary in M whose projectivised boundary curve coordinate is ϕpP h ξq. Moreover, the image ϕpP h E 8 pMis a closed subset of BCpM q.
PSL 2 pCq-eigenvalue variety
Analogous to EpM q, one can define a PSL 2 pCq-eigenvalue variety EpM q, since the function I 2 γ : XpM q Ñ C defined by I 2 γ pρq " ptr ρpγqq 2 is regular (i.e. polynomial) for all γ P π 1 pM q (see [4] ). Thus, a variety R E pM q is constructed using the relations
Consider the representation of Z Z ' Z Z into PSL 2 pCq generated by the images of
In PSL 2 pCq, the image of this representation is isomorphic to Z Z 2 'Z Z 2 , but the image of any lift to SL 2 pCq is isomorphic to the quaternion group Q 8 (in Quaternion group notation). If ρ P RpM q restricts to such an irreducible abelian representation on a boundary torus T i , then the equations M i`2`M´1 i " 0, L i`2`L´1 i " 0, M i L i`2`M´1 i L´1 i " 0 have no solution. In particular, the projection p : R E pM q Ñ RpM q may not be onto.
The closure of the image of R E pM q onto the coordinates pM 1 , L 1 , . . ., M h , L h q is denoted by EpM q and called the PSL 2 pCq-eigenvalue variety. The relationship between ideal points of EpM q and strongly detected boundary curves is the same as for the SL 2 pCq-version, since the proof of Lemma 6 applies without change:
Lemma 7 Let M be an orientable, irreducible, compact 3-manifold with non-empty boundary consisting of a disjoint union of h tori. If ξ P E 8 pM q is a point with rational coordinate ratios, then there is an essential surface with boundary in M whose projectivised boundary curve coordinate is ϕpP h ξq.
The deformation variety and normal surfacess
This section summarises the approach to Culler-Morgan-Shalen theory using ideal triangulations, spunnormal surfaces and tropical geometry given in [39] . Throughout this section, M is the interior of an orientable, compact, connected 3-manifold with non-empty boundary consisting of a pairwise disjoint union of tori.
Ideal triangulations and shape parameters
An ideal (topological) triangulation T of M is a triple T " p r ∆, Φ, hq, where
r ∆ k is a pairwise disjoint union of oriented standard Euclidean 3-simplices,
(2) Φ is a collection of orientation reversing Euclidean isometries between the 2-simplices in r ∆; termed face pairings,
where the domain is given the quotient topology.
We write p : p r ∆z r ∆ p0Ñ M for the composition of the natural quotient map with h, and note that M is determined by T .
The associated pseudo-manifold (or end-compactification of M ) is P " r ∆{Φ. We denote the quotient map with the same letter, p : r ∆ Ñ P . Denote Σ k the set of all (possibly singular) k -simplices in P. The degree degpσ k q of a k -simplex in Σ k is the number of k -simplices in its preimage in r
∆.
An ideal k -simplex is a k -simplex with its vertices removed. The vertices of the k -simplex are termed the ideal vertices of the ideal k -simplex. Similar for singular simplices. The standard terminology of (ideal) edges, (ideal) faces and (ideal) tetrahedra will be used for the (ideal) simplices of dimensions one, two, and three respectively.
Let ∆ 3 be the standard 3-simplex with a chosen orientation. Suppose the edges ∆ 3 are labeled by z, z 1 and z 2 so that opposite edges have the same labeling and all labels are used. Then the cyclic order of z, z 1 and z 2 viewed from each vertex depends only on the orientation of the 3-simplex. It follows that, up to orientation preserving symmetries, there are two possible labelings, and we fix one of these labelings.
Suppose Σ 3 " tσ 1 , . . . , σ n u. Since M is orientable, the 3-simplices in Σ 3 may be oriented coherently. For each σ i P Σ 3 , fix an orientation preserving simplicial map f i : ∆ 3 Ñ σ i . An Euler characteristic argument shows that |Σ 3 | " |Σ 1 |. Let Σ 1 " te 1 , . . . , e n u, and let a pkq ij be the number of edges in f´1 i pe j q which have label z pkq .
For each i P t1, . . . , nu, define
and for each j P t1, . . . , nu, let
Setting p i " p 1 i " p 2 i " 0 gives the parameter equations, and setting g j " 0 gives the hyperbolic gluing equations. For a discussion and geometric interpretation of these equations, see [33, 30] . The parameter equations imply that z pkq i ‰ 0, 1. 
Developing maps, characters and eigenvalues
The following facts can be found in [42, §5] ; see also [31] for a more detailed discussion.
Given Z P DpT q, each ideal tetrahedron in M has edge labels which can be lifted equivariantly to Ă M . Following [42] , we define a continuous map dev Z : Ă M Ñ IH 3 , which maps every ideal tetrahedron σ in Ă M to an ideal hyperbolic 3-simplex ∆pσq, such that the labels carried forward to the edges of ∆pσq correspond to the shape parameters of ∆pσq determined by its hyperbolic structure; see [33] for the geometry of hyperbolic ideal tetrahedra. If each shape parameter has positive imaginary part, then the associated hyperbolic ideal tetrahedron is positively oriented and dev Z is a developing map for a (possibly incomplete) hyperbolic structure on M.
For each Z P DpT q, the Yoshida map dev Z can be used to define a representation ρ Z : π 1 pM q Ñ PSL 2 pCq as follows (see [42] ). A representation into PSL 2 pCq is an action on IH 3 , and this is the unique representation which makes dev Z π 1 pM q-equivariant: dev Z pγ¨xq " ρ Z pγq dev Z pxq for all x P Ă M , γ P π 1 pM q. Thus, ρ Z is well-defined up to conjugation, since it only depends upon the choice of the embedding of the initial tetrahedron σ. This yields a well-defined map χ T : DpT q Ñ XpN q from the deformation variety to the PSL 2 pCq-character variety. It is implicit in [29] that χ T is algebraic; see [8] for details using a faithful representation of PSL 2 pCq Ñ SLp3, Cq. Note that the image of each peripheral subgroup under ρ Z has at least one fixed point on the sphere at infinity. We summarise this discussion in the following lemma:
Lemma 9 Let M be the interior of a compact, connected, orientable 3-manifold with non-empty boundary consisting of a pairwise disjoint union of tori, and let T be an ideal triangulation of M. For each Z P DpT q, there exists a representation ρ Z : π 1 pM q Ñ PSL 2 pCq and a ρ Z -equivariant, continuous map D Z : p P Ñ IH 3 with the property that for each ideal tetrahedron σ Ă Ă M , the image D Z pσq is a hyperbolic ideal tetrahedron with edge invariants determined by Z. Moreover, ρ Z is well-defined up to conjugacy and the well-defined map
For cusped hyperbolic 3-manifolds, there are a number of special facts that are well-known to follow from work in [33, 30] . The following highlights the fact that the deformation variety facilitates the study of the Dehn surgery components in the character variety, i.e. the components containing the characters of discrete and faithful representations.
Theorem 10 Let M be an orientable, connected, cusped hyperbolic 3-manifold. Let T be an ideal triangulation of M with the property that all edges are essential. Then there exists Z P DpT q, such that ρ Z : π 1 pM q Ñ PSL 2 pCq is a discrete and faithful representation. Moreover, the whole Dehn surgery component X 0 pM q containing the character of ρ Z is in the image of χ T .
Denote C a compact core of M ; this is obtained by removing a small open regular neighbourhood from each vertex in P, such that C inherits a decomposition into truncated tetrahedra. Each boundary torus
In [30] , the holonomy µpγq is defined as p´1q |γ| times the product of the moduli of the triangle vertices touching γ on the right, where |γ| is the number of 1-simplices of γ, and the moduli asise from the corresponding edge labels.
At Z P DpT q, evaluating µpγq gives a complex number µ Z pγq P Czt0u. It is stated in [33, 30] , that µ Z pγq is the square of an eigenvalue; one has:
This can be seen by putting a common fixed point of ρ Z pπ 1 pT iat infinity in the upper-half space model, and writing ρ Z pγq as a product of Möbius transformations, each of which fixes an edge with one endpoint at infinity and takes one face of a tetrahedron to another.
Choose a basis tM i , L i u of π 1 pT i q -H 1 pT i q for each boundary torus T i . Since µ Z : π 1 pT i q Ñ Czt0u is a homomorphism for each i " 1, . . ., h, there is a well-defined rational map:
The closure of its image is contained in the PSL 2 pCq-eigenvalue variety EpM q of [37] .
Ideal points
Since DpT q is a variety in pCzt0uq 3n , Bergman's construction in [1] can be used to define its set of ideal points. Let
The map DpT q Ñ B 3n defined by Z Ñ upZq log |Z| is continuous, and the logarithmic limit set D 8 pT q is the set of limit points on S 3n´1 of its image. Thus, for each ξ P D 8 pM q there is a sequence tZ i u in DpM q such that lim
The sequence tZ i u is said to converge to ξ, written Z i Ñ ξ, and ξ is called an ideal point of DpT q. Whenever an edge invariant of a tetrahedron converges to one, the other two edge invariants "blow up". Thus, an ideal point of DpT q is approached if and only if a tetrahedron degenerates.
Since the Riemann sphere is compact, there is a subsequence, also denoted by tZ i u, with the property that each shape parameter converges in C Y t8u. In this case tZ i u is said to strongly converge to ξ. If ξ has rational coordinate ratios, a strongly convergent sequence may be chosen on a curve in DpT q according to Lemma 5.
Normal surface theory
A normal surface in a (possibly ideal) triangulation T is a properly embedded surface which intersects each tetrahedron of T in a pairwise disjoint collection of triangles and quadrilaterals, as shown in Figure 1 . These triangles and quadrilaterals are called normal discs. In an ideal triangulation of a non-compact 3-manifold, a normal surface may contain infinitely many triangles; such a surface is called spun-normal [38] . A normal surface may be disconnected or empty. Figure 1 : The seven types of normal disc in a tetrahedron.
We now describe an algebraic approach to normal surfaces. The key observation is that each normal surface contains finitely many quadrilateral discs, and is uniquely determined (up to normal isotopy) by these quadrilateral discs. Here a normal isotopy of M is an isotopy that keeps all simplices of all dimensions fixed. Let˝denote the set of all normal isotopy classes of normal quadrilateral discs in T . A normal quadrilateral disc is up to normal isotopy uniquely determined by a pair of opposite edges of a tetrahedron. Hence |˝| " 3n where n is the number of tetrahedra in T . These normal isotopy classes are called quadrilateral types.
We identify IR˝with IR 3n . Given a normal surface S, let xpSq P IR˝" IR 3n denote the integer vector for which each coordinate xpSqpqq counts the number of quadrilateral discs in S of type q P˝. This normal Q-coordinate xpSq satisfies the following two algebraic conditions.
First, xpSq is admissible. A vector x P IR˝is admissible if x ě 0, and for each tetrahedron x is non-zero on at most one of its three quadrilateral types. This reflects the fact that an embedded surface cannot contain two different types of quadrilateral in the same tetrahedron.
Second, xpSq satisfies a linear equation for each interior edge in M, termed a Q-matching equation.
Intuitively, these equations arise from the fact that as one circumnavigates the earth, one crosses the equator from north to south as often as one crosses it from south to north. We now give the precise form of these equations. To simplify the discussion, we assume that M is oriented and all tetrahedra are given the induced orientation; see [38, Section 2.9] for details. These are easiest to describe with respect to a model for the neighbourhood of e in M, called its abstract neighbourhood. The degree of an edge e in P, degpeq, is the number of 1-simplices in r ∆ which map to e. Given the edge e in P, there is an associated abstract neighbourhood Bpeq of e. This is a ball triangulated by degpeq 3-simplices, having a unique interior edge r e, and there is a well-defined simplicial quotient map p e : Bpeq Ñ P taking r e to e. This abstract neighbourhood is obtained as follows.
If e has at most one pre-image in each 3-simplex in r ∆, then Bpeq is obtained as the quotient of the collection r ∆ e of all 3-simplices in r ∆ containing a pre-image of e by the set Φ e of all face pairings in Φ between faces containing a pre-image of e. There is an obvious quotient map b e : Bpeq Ñ P which takes into account the remaining identifications on the boundary of Bpeq.
If e has more than one pre-image in some 3-simplex, then multiple copies of this simplex are taken, one for each pre-image. The construction is modified accordingly, so that Bpeq again has a unique interior edge and there is a well defined quotient map b e : Bpeq Ñ P. Complete details can be found in [?], Section 2.3.
Let σ be a tetrahedron in Bpeq. The boundary square of a normal quadrilateral of type q in σ meets the equator of BBpeq if and only it has a vertex on e. In this case, it has a slope˘1 of a well-defined sign on BBpeq which is independent of the orientation of e. Refer to Figures 2(b) and 2(c), which show quadrilaterals with positive and negative slopes respectively. Given a quadrilateral type q and an edge e, there is a total weight wt e pqq of q at e, which records the sum of all slopes of q at e (we sum because q might meet e more than once, if e appears as multiple edges of the same tetrahedron). If q has no corner on e, then we set wt e pqq " 0. Given edge e in M, the Q-matching equation of e is then defined by 0 " ř qP˝w t e pqq xpqq.
Theorem 11
For each x P IR˝with the properties that x has integral coordinates, x is admissible and x satisfies the Q-matching equations, there is a (possibly non-compact) normal surface S such that x " xpSq. Moreover, S is unique up to normal isotopy and adding or removing vertex linking surfaces, i.e., normal surfaces consisting entirely of normal triangles.
This is related to Hauptsatz 2 of [18] . The projectivised solution space PQpT q and the projectivised admissible solution space PFpT q, are obtained as the quotient spaces under the multiplication action of the positive real numbers. These are usually identified via radial projection with compact subsets of either the standard simplex or a sphere centred at the origin. For the purpose of this paper, we view PFpT q as a compact subset of a sphere centred at the origin.
The relationship between gluing and matching equations
The deformation variety DpT q is not defined by a principal ideal, hence its logarithmic limit set D 8 pT q is in general not directly determined by its defining equations (see [37] for details). However, it is contained in the intersection of the spherical duals of the Newton polytopes of its defining equations. The Newton polytope of a polynomial is the convex hull of its exponent vectors. The spherical dual of a polytope is the set of unit normal vectors to its supporting hyperplanes. For a polynomial p, we write Sphppq for the spherical dual of the Newton polytope of p. See [1, 37] for details. From (7) and (8), we have
The set D pre-8 pT q is termed a tropical pre-variety. 1 "
Denoting q pjq i the quadrilateral type separating the pair of edges with label z pjq i in tetrahedron σ i , it follows that the the Q-matching equation of e j is: [38] , Section 2.9). Let
and let C n be the p3nˆ3nq block diagonal matrix with n copies of C 1 on its diagonal. Hence letting A be the exponent matrix of the hyperbolic gluing equations and B the coefficient matrix of the Q-matching equations, we have AC n " B. The desired natural homeomorphism is given by letting N pξq be the unique normal Q-coordinate such that ξ " C T n N pξq for a given ξ P D 8 pT q.
If ξ has rational coordinate ratios, one can associate a unique spun-normal surface Spξq to it as follows.
By assumption, there is r ą 0 such that rN pξq is an integer solution, and hence corresponds to a unique spun-normal surface without vertex linking components according to Theorem 11. One then requires r to be minimal with respect to the condition that the surface is 2-sided.
Essential surfaces and boundary curves
Morgan and Shalen [28] compactified the character variety of a 3-manifold by identifying ideal points with certain actions of π 1 pM q on IR-trees (given as points in an infinite dimensional space), and dual to these are codimension-one measured laminations in M. The work in [39] takes a different but related approach by compactifying the deformation variety with certain transversely measured singular codimension-one foliations (a finite union of convex rational polytopes), and dual to these are (possibly trivial) actions on IR-trees. The relationship between these compactifications is investigated in Section 6 of [39] , with focus on the original consideration of ideal points of curves and surfaces dual to Bass-Serre trees due to Culler and Shalen [13] . A surface which can be reduced to an essential surface that is detected by the character variety in the sense of [36] will be called weakly dual to an ideal point of a curve in the character variety.
The following result combines statements of Theorem 1.2 and Proposition 4.3 in [39]:
Theorem 13 [39] Let M be the interior of a compact, connected, orientable, irreducible 3-manifold with non-empty boundary consisting of a disjoint union of tori, and let T be an ideal triangulation of M. Let ξ P D 8 pT q be a point with rational coordinate ratios, and assume that the spun-normal surface Spξq is not closed.
Then Spξq is non-trivial and (weakly) dual to an ideal point of a curve in the character variety of M . Moreover, every essential surface detected by this ideal point has the same boundary curves as Spξq. In particular, the boundary curves of Spξq are strongly detected.
It is an open question whether there is an ideal point of the deformation variety that is associated with a closed essential surface but with the property that any associated sequence of characters does not approach an ideal point of the character variety.
For a more general statement pertaining to all points in D 8 pT q, and thus completing the description of its relationship with the Morgan-Shalen compactification, see Theorem 1.2 in [39] .
The Whitehead link
The right-handed Whitehead link is shown in the figure on the right. Throughout this paper, W " W`denotes its complement in S 3 . This is a hyperbolic 3-manifold isometric with the same orientation to the manifold m129 in SnapPy 's census. The complement of a left-handed Whitehead link is oppositely oriented, and denoted by W´.
The standard triangulation T W with four ideal tetrahedra of W will be considered throughout; the triangulation is given in Figure 3 and Table 1 , and is derived from SnapPy's manifold data (see Appendix A). We remark that W has three inequivalent minimal triangulations with four tetrahedra; they arise from the three diffent ways one can choose a "diagonal" in an octahedron; the triangulation used here is shipped as m129 : #2 in Regina's cusped orientable manifold census. There are four tetrahedra in T W , shown in Figure 3 , and hence four edges, which will be called red, green, black and blue. The black edge is labelled with one arrow, the blue with two, the green with three and the red with four. One of the cusps corresponds to the ideal endpoints of the red edge, and the other to the ideal endpoints of the green edge. The cusps are therefore referred to as the red cusp (also: cusp 0) and the green cusp (also: cusp 1) respectively. The face pairings are described in Table 1 , where the face of tetrahedron σ i opposite vertex j is denoted by F i,j . The convention for orientations of the peripheral elements is shown on the right, where the right-hand rule is applied to a link projection and the induced triangulation of the cusp cross-section is viewed from outside the manifold.
The induced triangulations of the cusp cross-sections of W are given in Figure 4 . There is a standard meridian, and two choices for longitudes are considered, which are termed geometric and topological and denoted by L g and L t respectively. The geometric longitudes are chosen by SnapPy for m129. They have the following property. Let Wpp,be the manifold obtained from hyperbolic Dehn filling on one of the cusps. The coefficients pp,P IR 2 are called exceptional if Wpp,does not admit a complete hyperbolic metric. If the longitude is geometric, then the set of exceptional coefficients is contained in the rectangle with vertices˘p2, 1q,˘p2,´1q (see [19] ). If a null-homologous longitude is chosen, the set of exceptional coefficients is contained in a parallelogram with vertices˘p´4, 1q,˘p0, 1q for W´(see [29] ), and˘p4, 1q,˘p0, 1q for W`. The natural linear maps between the Dehn surgery coefficients with respect to the different peripheral systems are given in Table 2 .
tM, L t u for W´tM, L g u for W`and W´tM, L t u for Wp p`2q,´qq pp,pp`2q,
Affine algebraic sets
This section determines the various affine algebraic sets associated with the Whitehead link complement, as well as the maps between them. Differences between result below and results in Neumann-Reid [29] arise from the fact that the latter use a left-handed link and have a different convention regarding shape parameters.
Deformation variety
The shape parameters are assigned in Figure 3 , and the following hyperbolic gluing equations can be read off from this figure:
1 " wxyz (red & green)
The deformation variety DpT W q is defined by these equations and the parameter relations:
1 " w 1 p1´wq,
Using the fact that equations of the form ww 1 w 2 "´1 result from the parameter relations, it is not hard to see that DpT W q can be defined by the parameter relations in (11) and (12) together with the following two equations: 1 " wxyz and w 2 x 2 " y 2 z 2 .
Then DpT W q is mapped into pC´t0uq 4 by the projection ϕpw, w 1 , . . ., z 2 q " pw, x, y, zq. The closure of the resulting image is a variety defined by:
0 " wxp1´yqp1´zq´p1´wqp1´xqyz.
This variety is the parameter space of [33, 30] , and is denoted by D 1 pT W q. For any w, x, y, z P C´t0, 1u subject to (15) and (16), there is a unique point on DpT W q. Thus, DpT W q and D 1 pT W q are birationally equivalent, and the inverse map:
ϕ´1pw, x, y, zq
, z´1 zi s not regular at the intersection of D 1 pT W q with the collection of hyperplanes
in pC´t0uq 4 . If D 1 pT W q intersects any one of these hyperplanes, then it intersects either exactly two or four of them.
One of the variables, say w, can be eliminated from the system of equations (15) & (16) , and hence there is a map ϕ 1 : D 1 pWq Ñ pC´t0uq 3 with the closure of its image defined by a single irreducible equation:
0 " gpx, y, zq " x´xy´xz`yz´xy 2 z 2`x2 y 2 z 2 .
Again, ϕ 1 is a birational isomorphism onto its image, and this in particular shows that DpT W q is irreducible. Whence DpT W q is an irreducible variety in pC´t0uq 12 defined by the 10 equations in (11), (12) and (14), and so:
The deformation variety DpT W q is a complete intersection variety of dimension two.
Symmetries
There are symmetries in the defining equations of the deformation variety DpT W q, which descend to symmetries in (15) and (16) . Consider the following involutions: 
Then τ 1 τ 2 " τ 3 " τ 4 τ 5 , and each of the pairs (18) and (20) generates a Klein four group. The elements τ 6 " τ 1 τ 4 and τ 7 " τ 2 τ 4 have order four, and the group D 4 generated by all involutions is a dihedral group. For any p P D 1 pT W q and any τ P D 4 , τ p P D 1 pT W q, and if ϕ´1 : D 1 pT W q Ñ DpT W q is regular at p, then it is regular at τ p.
Holonomies
Each cusp cross section inherits a triangulation induced by T W . Let γ be a closed simplicial path on a cusp cross section. In [30] , the derivative of the holonomy H 1 pγq is defined as p´1q |γ| times the product of the moduli of the triangle vertices touching γ on the right, where |γ| is the number of 1-simplices of γ, and the moduli asise from the corresponding edge labels.
The derivatives of the holonomies can this be read off from Figure 4 , and simplify to:
The completeness equations for the holonomies yield that the complete hyperbolic structure is attained at pw, x, y, zq " pi, i, i, iq. The action of D 4 on the holonomies is described in Table 3 , where pm i , l i q " pH 1 pM i q, H 1 pL t i qq. The relationship between elements of D 4 and elements of the symmetry group of W can be deduced from this table. 
Fundamental group
An abstract presentation of π 1 pWq can be computed from the triangulation using the set-up in the next section: π 1 pWq " xa, b, c, d | d " ab, bcd " cdc, ac " bay, and the peripheral elements are the following words in the generators:
Thus, π 1 pWq can be generated by two meridians, and one obtains a single relation:
Developing map
Given a point Z " pw, w 1 , . . ., z 2 q P DpT W q, there are (1) a continuous map dev Z : Ă W Ñ IH 3 such that each ideal tetrahedron in Ă W (with the lifted ideal triangulation) is mapped to an ideal hyperbolic tetrahedron of the specified shape, and (2) a unique representation ρ Z : π 1 pWq Ñ PSL 2 pCq which makes dev Z π 1 pWq-equivariant (see Section 2.5 in [39] ). We start with an embedding of (a lift of) σ 0 with vertices at the points 0, 1, 8, w, and develop around the edge r0, 8s according to the parameters given by Z. This results in one lift of each ideal tetrahedron to IH 3 . The resulting ideal vertices of the tetrahedra are indicated in Figure 5 . Some tetrahedra may intersect or be "inverted". If all tetrahedra are positively oriented, then the resulting fundamental domain is an ideal octahedron.
Indeed, one obtains a combinatorial ideal octahedron, if one only applies the face pairings shown in Table 4 . The Whitehead link complement is then obtained by applying the remaining face pairings, which match the boundary faces of the ideal octahedron. This determines a representation of π 1 pWq into PSL 2 pCq:
We note:
A calculation using the identity wxyz " 1 and the standard identities for shape parameters (such as ww 1 w 2 "´1 and w 1 p1´wq " 1) gives the following (where we have shown every second step):
This algebraically confirms the consistency of the choice of meridians (up to orientation) in §5.3 and §5.4.
At the complete structure, the peripheral elements have to be parabolic. This forces:
1´i˙.
There is a well-defined map χ " χ T W : DpT W q Ñ XpWq, and it is shown in the next section that χ has degree 4. This corresponds to the observation that the manifolds Wpp 0 , q 0 , p 1 , q 1 q, Wp´p 0 ,´q 0 , p 1 , q 1 q, Wpp 0 , q 0 ,´p 1 ,´q 1 q, and Wp´p 0 ,´q 0 ,´p 1 ,´q 1 q are geometrically distinguished (they "spiral in different directions into the cusps"), whilst they have isomorphic fundamental groups.
Face pairings
A variety CpWq parameterising representations into SL 2 pCq is computed as follows. Putting:
one obtains a single equation using (23):
" ps´s´1qpu´u´1q`cps´2u´2´u´2´s´2`4´s 2´u2`s2 u 2 q c 2 p2s´1u´1´su´1´s´1u`2suq`c 3 P Crs˘1, u˘1, cs.
Then CpWq is an irreducible hypersurface in pC´t0uq 2ˆC , and its intersection with c " 0 is the collection of lines ts 2 " 1, c " 0u Y tu 2 " 1, c " 0u, which parametrises reducible representations. Moreover, CpWq is a cover of the Dehn surgery component X 0 pWq of the character variety, since any irreducible representation of π 1 pWq into SL 2 pCq is conjugate to an element of CpWq, and it is a 4-to-1 branched cover of X 0 pWq since CpWq is not contained in the union of hypersurfaces s 2 " 1 and u 2 " 1.
If f ps, u, cq " 0, then f p´s, u,´cq " f ps,´u,´cq " f p´s,´u, cq " 0, and the four solutions correspond to the action of Hompπ 1 pWq, Z Z 2 q on CpWq. To obtain a description of the corresponding quotient map CpWq Ñ CpWq, and hence a parametrisation of the associated variety CpWq of representations into PSL 2 pCq, note that (24) can be adjusted by a conjugation and rewritten in the form:
which is still subject to 0 " f ps, u, cq. The map q 1 : pC´t0uq 2ˆC Ñ pC´t0uq 2ˆC defined by q 1 ps, u, cq " ps 2 , u 2 , csuq can be identified with the natural quotient map CpWq Ñ CpWq, and the defining equation for CpWq can be derived from this relationship. Thus, CpWq can be viewed as a variety of representations into GL 2 pCq:
nd ρ GL pM 1 q "ˆu 0 1 1˙s ubject to (27) 0 " sups´1qpu´1q`dp1´s´u`4su´s 2 u´su 2`s2 u 2 q (28)
For each ρ GL as above, there is a unique PSL 2 pCq-representation ρ such that ρ GL and ρ are identical as representations into the group of projective transformations of CP 1 . Hence there is a bijection between the set of all of the above GL 2 pCq-representations of π 1 pWq with d ‰ 0 and the set of all irreducible PSL 2 pCq-representations of π 1 pWq (up to conjugation) which lift to SL 2 pCq.
Lemma 15
There is a birational isomorphism r : DpT W q Ñ CpWq.
Proof To construct the map r : DpT W q Ñ CpWq, conjugate the face pairings ρ Z paq, . . . , ρ Z pdq by a suitably chosen matrix A to obtain a form analogous to (26) , and then adjust the resulting representation by multiplication:
It can be verified that ρ 1 Z defines a GL 2 pCq-representation for each Z P DpT W q. This induces a map r : DpT W q Ñ CpWq defined by:
An elementary calculation shows that this map is 1-1 and that its image is dense in CpWq. A rational inverse is given by the following map CpWq Ñ D 1 pT W q:
which composed with ϕ : D 1 pT W q Ñ DpT W q gives a map r´1 : CpWq Ñ DpT W q. Composition of the maps r and r´1 induces the identity on both DpT W q and CpWq, and this proves the lemma.
The only singularity of DpT W q is at infinity; at the ideal point where all of w, x, y, z tend to one, and the only singularity of D 1 pWq is at the corresponding point pw, x, y, zq " p1, 1, 1, 1q. The variety CpWq is an irreducible variety without singularities, and the above proof shows that it parametrises developing maps when thought of as a variety in pC´t0uq 3 . It is shown in Subsection B.3 that the intersection of CpWq with c " 0 corresponds to the ideal point of DpT W q where w, x, y, z Ñ 1. Thus, it is a natural de-singularisation of DpT W q.
Corollary 16 χ : DpT W q Ñ X 0 pWq is generically 4-to-1 and onto.
Proof Note that χ : DpT W q Ñ XpWq factors through CpWq, and hence it is enough to show that the map CpWq Ñ X 0 pWq is generically 4-to-1 and onto. Firstly, CpWq is irreducible, and hence its image in XpWq is irreducible. Secondly, the above lemma implies that CpWq contains a discrete and faithful representation, and hence maps to the Dehn surgery component. Since there are ρ P CpWq such that ptr ρpM 02 ‰ 4 ‰ ptr ρpM 12 , there are generically four elements of each conjugacy class of representations contained in CpWq. Hence, the degree of χ is four.
Eigenvalue maps
As in [37] , denote the respective eigenvalue varieties by EpWq and EpWq. The aim of this section is to show that the subvariety E 0 pWq corresponding to X 0 pWq is birationally equivalent to DpT W q. The following lemma establishes suitable affine coordinates and maps needed for this.
Lemma 17
There are a quotient map q 3 : EpWq Ñ EpWq corresponding to the action of Hompπ 1 pWq, Z Z 2 q, and eigenvalue maps e : CpWq Ñ EpWq and e : CpWq Ñ EpWq such that the following diagram commutes:
Proof Let ϑ γ : CpWq Ñ C be the holomorphic map which takes ρ to the upper left entry of ρpγq. Then define e : CpWq Ñ EpWq to be the map
Since every ρ P CpWq is triangular on the peripheral subgroups, it follows that this map is well-defined. Denote the affine coordinates of EpWq by ps, t, u, vq, so they correspond to eigenvalues of M 0 , L t 0 , M 1 and L t 1 . Denote the map which takes ρ GL to the upper left entry of ρ GL pγq by ϑ γ as well, and let e : CpWq Ñ EpWq be the map
To verify that this map has the right range, note that the upper left entries of ρ GL pM 0 q and ρ GL pM 1 q are the squares of the eigenvalues of matrices representing the associated PSL 2 pCq-representation. The longitudes are the following words in the meridians:
and hence ρ GL pL t i q " ρpL t i q for any ρ GL and its corresponding unique PSL 2 pCq-representation ρ. In particular, ϑ L t i pρ GL q is an eigenvalue of ρ GL pL t i q " ρpL t i q and it is independent of the choice of the signs of matrices representing ρpM 0 q and ρpM 1 q. It follows that EpWq can be given the affine coordinates ps, t, u, vq.
The natural quotient map which makes the above diagram commute is therefore q 3 : EpWq Ñ EpWq defined by q 3 ps, t, u, vq " ps 2 , t, u 2 , vq. This map clearly corresponds to the action of Hompπ 1 pWq, Z Z 2 q on EpWq.
Since any irreducible SL 2 pCq-representation is conjugate to a representation in CpWq, the closure of the image of e is the component of EpWq corresponding to the Dehn surgery component X 0 pWq. It follows that the closure of the image of e corresponds to X 0 pWq. In particular the composite mapping Ψ " e˝r : DpT W q Ñ E 0 pWq is onto.
From the face pairing ρ Z :
y and ϑ L t 1 pρ Z q " wy. The map Ψ : DpT W q Ñ EpWq with respect to the chosen coordinates is therefore given by Ψpw, w 1 , w 2 , x, x 1 , x 2 , y, y 1 , y 2 , z, z 1 , z 2 q "`x 1 z 2 y , xy, w 1 z 2 y , wy˘ (35) We have Ψϕ´1pi, i, i, iq " p1,´1, 1,´1q at the complete structure.
Lemma 18
The map Ψ : DpT W q Ñ E 0 pWq is a birational isomorphism.
Proof Since Ψ is a regular map and DpT W q is irreducible, it follows that the closure of its image, which has been identified as E 0 pWq, is irreducible. Thus, Ψ : DpT W q Ñ E 0 pWq is a regular map of irreducible varieties. It remains to show that it has degree one.
Assume that Ψϕ´1pw 0 , x 0 , y 0 , z 0 q " Ψϕ´1pw 1 , x 1 , y 1 , z 1 q, where pw i , x i , y i , z i q are two regular points of ϕ on D 1 pT W q. An elementary calculation shows that the points are either identical or we have w 0 " x 0 and w 1 " x 1 . Thus, all points on which Ψ does not have degree one are contained on the hypersurface w " x.
Since for any w P C´t0,˘1u, the point ϕ´1pw,´w´1, w,´w´1q is contained in DpT W q, DpT W q is not contained in this hypersurface.
An inverse E 0 pWq Ñ DpT W q taking ps, t, u, vq Ñ pw, w 1 , . . ., z 2 q is determined by the following map E 0 pWq Ñ D 1 pWq which can be computed from ( This map is not regular on a 1-dimensional subvariety of E 0 pWq, which is defined by the following three equations:
See Subsection B.1 for a computation of the eigenvalue varieties and this subvariety.
Embedded surfaces
This section gives a complete description of the space PLpWq of all essential surfaces in the Whitehead link complement, and deduces the associated boundary curve space BCpWq and the unit ball of the Thurston norm. This is compared with previous work of Floyd and Hatcher [15] , Lash [25] and Hoste and Shanahan [20] .
The main tools used to analyse incompressible surfaces in the projective admissible solution space PFpT W q of spun-normal surface theory are a criterion due to Dunfield that determines which spun-normal surfaces are essential, and results by Walsh [41] and Kang and Rubinstein [24] on the normalisation of essential surfaces.
Complete description of the projective admissible solution space
The convention for quadrilateral coordinates for orientable manifolds in [38] is used. Table 5 indicates the position of the quadrilaterals in the tetrahedra. For reference, we also add the shape parameters, where we write w " z 0 , x " z 1 , y " z 2 , and z " z 3 . The notation ij{kl means that the particular quadrilateral type separates the vertices i and j from the vertices k and l.
Quadrilateral The Q-matching equations can be worked out directly from the triangulation or by using their relationship with the gluing equations described in §3.5. There are the following three equations:
These are equivalent to the following two, which correspond to (14):
0 " q 0´q
To obtain an admissible solution, one now sets two quadrilateral coordinates from each tetrahedron equal to zero and solves the above equations subject to this constraint. Hence the set PFpT W q can be computed by solving 3 4 " 81 systems of linear equations. This is automated by feeding the triangulation to Regina. Alternatively, given its description as a tropical pre-variety in Proposition 12, one can use gfan to compute PFpT W q from the defining equation of DpT W q using the command tropical intersection.
The set PFpT W q is a finite union of convex spherical polytopes in S 11 Ă IR 12 . It turns out that there are 28 geodesic arcs and one geodesic quadrilateral, spanned by a total of 20 vertices. These are indicated in Figure 6 , where geodesic arcs are represented as PL arcs.
The vertices are denote by V 1 , . . ., V 20 , and called vertex solutions. These correspond to extremal solutions to the linear equations. Each vertex solution V i is rescaled by a positive real to obtain a (minimal) integer solution, and the resulting normal surface is denoted by F i . Hence the normal Q-coordinate N pF i q is a multiple of V i . These normal surfaces are described in Table 6 and the information given in the table is as follows: First, the normal Q-coordinate N pF i q is given, then the topological type of F i , where T 1 stands for a once-punctured torus, S 3 for a thrice-punctured sphere, R 2 for a twice-punctured IRP 2 . The abbreviations K i and T i will be used in subsequent figures for an i-punctured Klein bottle and an i-punctured torus respectively, and G 2 denotes a (closed) genus two surface.
The column class specifies the equivalence class (defined in Subsection 6.3) that the projective normal Q-coordinate V i of F i belongs to.
The column B -curves encodes the number of boundary components on the respective cusps; if there are i boundary components on the (red) cusp 0, and j on the (green) cusp 1, this is written as i{j.
Last, the corresponding boundary curves are given as they are computed from the chosen (oriented, topological) peripheral system. The boundary curves are determined by the signed intersection numbers of the peripheral elements with the spun-normal surface. We here summarise how this is computed; the details can be found in [39, §4.2] and [38, §3.1] . Let γ be a closed simplicial path on a cusp cross section with respect to the triangulation induced by T . The Q-modulus of a vertex with label z i is q 2 i´q 1 i , of a vertex with label z 1 i is q i´q 2 i , and of a vertex with label z 2 i is q 1 i´q i . The linear functional νpγq is defined to be the sum of the Q-moduli of all vertices of triangles touching γ to the right. For our generators, we obtain the following linear functionals:
The signs in the table respect the transverse orientations, which are relevant when the boundary curves of surfaces corresponding to linear combinations of the N pF i q are computed.
Some spun-normal surfaces
Using the explicit description of normal surfaces, one can work out the topological type and the position of normal surfaces in the manifold. The pictures of the gluing pattern of some surfaces are shown in Figure 7 , where the quadrilaterals and finitely many triangles are used to obtain compact surfaces, along whose boundary components infinite normal annuli have to be attached. The boundary components are drawn in the colour of the corresponding cusp. Triangle coordinates are labelled by numbering the vertices of the four tetrahedra from 0 to 15.
Equivalence classes
A homeomorphism N : D pre-8 pWq Ñ PFpT W q is given in [39] between PFpT W q and the tropical prevariety D pre-8 pWq obtained from the canonical defining equations. There is an induced action of the group D 4 of symmetries of DpWq on D pre-8 pWq. Since the elements of D 4 interchange coordinates, the induced action corresponds to interchanging coordinate triples of elements in D 8 pWq. Moreover, there is an induced action of D 4 on PFpT W q via the homeomorphism N which again corresponds to interchanging coordinate triples of elements.
Indeed, D 4 can be identified with a group of symmetries of the triangulation. There is a Klein four group K f , identified with xτ 1 , τ 2 y, which stabilises the cusps, and orbits of the action of K f on PFpT W q give six equivalence classes amongst the vertex solutions in PFpT W q:
The classification up to isotopy is given in §6.5 and §6.6. The orbit under K f corresponds to the different ways a surface can "spin into the cusps". In particular, the (two or four) normal coordinates in each of the classes N k , N 1 k correspond to isotopic surfaces. Members of the classes N k and N 1 k are interchanged by symmetries interchanging the cusps. These symmetries correspond to the remaining elements of D 4 . One can visualise the action of D 4 on PFpT W q by considering the action of the dihedral group on Figure 6 induced by its standard action on a square. The quotient by the action of K f is pictured in Figure 8(a) , where the topological types of minimal representatives for some points are indicated.
Note that there are arcs in PFpT W q connecting elements of N 3 , e.g. the vertices V 16 and V 19 . The geometric sum F 16`F19 is a twice-punctured torus. However, 1 2 pN pF 16 q`N pF 19is also an admissible integer solution, and the corresponding normal surface is a once-punctured Klein bottle. The corresponding equivalence class (i.e. K f orbit) is denoted by N 4 . Similarly, for arcs in PFpT W q joining elements of N 1
3 we obtain an equivalence class N 1 4 whose elements are midpoints of these arcs. The surface determined by a minimal integer solution corresponding to the point V 0 :" 1 2 pV 1`V3 q " 1 2 pV 2`V4 q in the "centre" of PFpT W q is a genus two surface. This point is fixed by all symmetries, and The D 4 orbit of a point P P PFpT W q is now analysed. If P " V 0 , then its equivalence class only contains one element. If P is contained in the square rV 1 , V 2 , V 3 , V 4 s but not equal to its centre, then its D 4 orbit contains exactly four elements. Note that different elements in the square can have the same B -coordinate pν P pL 0 q,´ν P pM 0 q, ν P pL 1 q,´ν P pM 1 qq.
This is true for instance for V 1 and 3 4 V 1`1 4 V 3 . However, elements of the same D 4 orbit are distinguished by their B -coordinates. If P is contained in N 4 or N 1 4 , or is the midpoint of an arc rV, W s in PFpT W q with V P N i , W P N 1 i and i " 2 or 3, then its (0,0,4,1) (0,1,0,0) (0,0,0,1) (2,0,0,1) (4,1,2,1) Moreover, the elements of an equivalence class of a point in PFpT W q have the same projectivised (i.e. unoriented) B -coordinate. Thus, the set of projectivised B -coordinates arising from PFpT W q can be computed using the incidence structure amongst the equivalence classes, and the result is shown in Figure 8(b) . This shows that each equivalence class is uniquely determined by its projectivised B -coordinate unless its elements are contained in the centre square of PFpT W q.
Lemma 19
An embedded spun-normal surface in W is uniquely determined by its transversely oriented boundary curves if its projectivised normal Q-coordinate is not contained in the centre square in PFpT W q.
Proof Let S be an embedded spun-normal surface. Then there is a unique α ą 0 and a unique point P P PFpT W q such that N pSq " αP. If P is not contained in the centre square, then there is no other point in PFpT W q with the same B -coordinate. Thus, S is uniquely determined by αpν P pL 0 q,´ν P pM 0 q, ν P pL 1 q,´ν P pM 1"pν N pSq pL 0 q,´ν N pSq pM 0 q, ν N pSq pL 1 q,´ν N pSq pM 1 qq.
This proves the lemma.
Criteria for incompressibility
Dunfield and Garoufalidis [14] give a simple criterion for a vertex surface to be incompressible, namely that it be a vertex surface with non-empty boundary which has a quadrilateral in each tetrahedron. However, this criterion does not apply to any of the vertex normal surfaces in the given ideal triangulation of the Whitehead link complement.
A certificate for incompressibility can be given using a different result, which the author learned from Nathan Dunfield. This is only summarised here, and complete details will be given in [40] . A semi-angle structure is an assignment q Þ Ñ αpqq of a non-negative real number (called angle) to each quadrilateral type q in an ideal triangulation such that the sum of the angles associated to the three distinct quadrilateral types supported by each tetrahedron equals π, and the sum of all angles of the quadrilateral types facing an edge in the 3-manifold equals 2π. See [26] for a detailed discussion of this viewpoint, We view α P r0, πs˝" r0, πs 3n , where˝is the set of all isotopy classes of quadrilateral discs. We remark that if Figure 9 : Isotopic once-punctured tori. The reader will find it a pleasant exercise in normal surface theory to show that the once-punctured tori normalise to the same normal surface in the complement of a normal thrice-punctured disc in T W .
α P p0, πq˝, then it is termed an angle structure. This can be viewed as a linear hyperbolic structure and we refer the reader to the excellent exposition in [16] for a history and applications of angle structures.
An embedded normal surface S has normal Q-coordinate N pSq P IN˝" IN 3n . Then S is said to be dual to the semi-angle structure α, if α¨N pSq " 0, where the standard Euclidean inner product is taken. In other words, for each quadrilateral type q that has non-zero weight in S, we have αpqq " 0.
Theorem 20 (Dunfield) Let M be the interior of a compact 3-manifold with boundary a non-empty disjoint union of tori. Let S be an embedded normal surface (possibly non-compact) in pM ; T q without any boundary parallel components. If S is dual to a semi-angle structure of pM ; T q, then it is essential.
Here is a sketch of the proof. Suppose S had a compression disc D. Then D can be put into a normal form relative to the triangulation and the normal surface, and inherits an induced semi-angle structure. The combinatorial Gauß-Bonnet formula then implies that D has non-positive Euler characteristic, a contradiction. Hence the surface is incompressible. The proof is concluded with an observation by Hatcher that incompressible implies boundary incompressible for an embedded surface with boundary only on the torus boundary components of a 3-manifold. A proof of Dunfield's theorem is given in [40] .
The above theorem has the following simple corollary:
Corollary 21 Let M be the interior of a compact 3-manifold with boundary a non-empty disjoint union of tori, T be an ideal triangulation of M , and α P r0, πs˝be a semi-angle structure. If S and F are compatible normal surfaces (possibly non-compact) that are both dual to α, then each 2-sided normal surface that is a Haken sum of S and F is essential.
Essential normal surfaces
Listed in Table 5 are a number of semi-angle structures on T W , as well as the vertex surfaces that are dual to these. In particular, each of the 20 vertex surfaces is essential. It follows from the information in the table and Corollary 21 that each 2-sided normal surface in W is essential except possibly those whose projectivised normal coordinates lie on the sides or the interior of the central square spanned by
Each surface F 1 , F 2 , F 2 , F 4 is a once-punctured torus and can be given a natural orientation arising from the transverse orientation of its unique boundary curve. In this way, it represents an element rF i s P H 2 pW c , BW c ; Z Zq, where W c is a compact core of W. Note that rF 3 s "´rF 1 s and rF 4 s "´rF 2 s. As in [34] , one can now argue that the surfaces S i are norm minimising, and that each normal surface with projectivised normal coordinate along the boundary of the central square is norm minimising, and hence essential. In particular, we have the following:
The boundary of the central square naturally corresponds to the boundary of the unit ball of the Thurston norm.
It is also shown in [34] that every essential surface homologous to a fibre is isotopic to a fibre. Whence every fibre arises as a normal surface with respect to T W . This verifies a result of Kang and Rubinstein [24] .
We now claim that every normal surfaces not in the boundary of the central square is not a fibre. This can be seen either by considering their boundary slopes, or by determining their image in homology. All classes are mapped to zero except for the surfaces along segments between thrice punctured spheres and once-punctured tori. These cannot be fibres since they only evaluate non-zero on one cusp. We have thus established:
Observation 23 Every fibre in W normalises in precisely two ways. A spun-normal surface in W is a fibre if and only if its projectivised normal coordinate lies in the interior of an edge of the central square.
It is also not difficult to describe the once-punctured tori corresponding to the vertices of the central square. The surfaces F 1 and F 3 have identical projectivised boundary slopes, and so do F 2 and F 4 .
Constructing the corresponding normal surfaces explicitly, one can see that for each of the solutions, there are four normal triangles which form an annulus on the surface and cap the quadrilaterals off at one of the cusps. The union of the two respective annuli on F 1 and F 3 is a boundary parallel torus. Similar for F 2 and F 4 . It follows that each pair is obtained from a thrice punctured sphere that meets one of the boundary components in two meridians and the other in a longitude by tubing the two meridional boundary components together. The two choices of annulus give the two surfaces in each pair. However, these are in fact isotopic surfaces. The isotopy is indicated in Figure 9 .
The central surface, G 2 , is a closed genus two surface linking the red and green edge, and hence compressible. To one side, it compresses to a torus linking the red cusp, and to the other to a torus linking the green cusp. Its complements are therefore compression bodies. The surface G 2 is made of up four quadrilaterals and no triangles. Any surface F whose projectivised normal coordinate lies in the interior of the central square is a Haken sum of the form F " n 1 S i`n2 S j`n3 G 2 , where S i and S j correspond to vertices of an edge of the central square. In particular, this has the same boundary slope as the surface n 1 S i`n2 S j . From the local structure around the green and red edges, we see that each such surface is compressible, namely there are n 3 compression discs, and after the compressions we have a surface in same homology class as n 1 S i`n2 S j and with same Euler characteristic, and hence it is a fibre and in fact isotopic to this. At this point, we may record the following:
Observation 24 A spun-normal surface in W is essential if and only if its projectivised normal coordinate does not lie in the interior of the central square.
This completes the classification of projectivised essential normal surfaces up to normal isotopy.
Essential surfaces
It follows from the main result of Walsh [41] that every essential surface in W that is not a fibre or a semi-fibre can be normalised with respect to T W . A semi-fibre is a separating surface that lifts to a fibre in a double cover. An inspection of the three double covers of W shows that there is no such surface in W. It is well known to experts that every non-compact essential surface that is not a fibre can be put into spun-normal form by choosing, for each cusp on which the surface has a cusp, a direction of spinning. A proof of this was recently announced by Kang and Rubinstein [24] . It follows that the space PLpWq of projectivised classes of essential surfaces in W is precisely the orbit space of the action of K f on the space of projectivised essential normal surfaces. This is shown in Figure 10(a) . Here, the labels of the vertices are with reference to Figure 10(d) , which is taken from an earlier version of [15] , and the remaining surfaces can be determined from the symmetry interchanging the components.
Up to permuting the link components, the surfaces in Figure 10(d) have the following normalisations. The pair of once-punctured tori tS 7 , S 8 u normalises to the pair tF 2 , F 4 u; the twice-punctured tori S 2 and S 3 normalise to the pairs tF 1`F4 , F 2`F3 u and tF 1`F2 , F 3`F4 u; the thrice-punctured sphere S 5 normalises to the surfaces tF 7 , F 8 , F 11 , F 12 u; the twice-punctured projective plane S 4 normalises to the surfaces tF 15 , F 16 , F 19 , F 20 u; and the twice punctured torus S 6 normalises to the surfaces tF 15`F20 , F 16`F19 u.
The space of all incompressible surfaces in W was described by Floyd and Hatcher [15] using branched surfaces. They give an algorithm to compute a complex with rational barycentric coordinates that carries all essential surfaces that are meridional incompressible. The condition for an essential surface S Ă S 3 zL to be meridional incompressible is as follows. If there is a disc D Ă S 3 with D X S " BD and D meeting L transversely in one point in the interior of D , then there is a disc D 1 Ă S Y L with BD 1 " BD, D 1 also meeting L transversely in one point. Geometrically, this corresponds to the existence of accidental parabolics. The complex carrying all meridional incompressible surfaces in the Whitehead link complement is shown in Figure 10 (b) -in [15, Figure 5.4] this is the 1-complex with label [2, 1, 2] (the meaning of this label is irrelevant here).
The vertices of the 1-complex in Figure 10 (b) are labelled 1, 2, 3, 4, 4 1 , 5, 5 1 , 6, 6 1 , and we denote the 1simplex with vertices i and j by ri, js. It follows from [15, Proposition 6.1] that the interior of each union r5, 2s Y r2, 5 1 s and r5, 3s Y r3, 5 1 s consists of fibres, and hence corresponds to a cone over a fibred face of the Thurston norm ball (after choosing coherent orientations of the surfaces representing the vertices).
An explanation of how to modify the algorithm of [15] to obtain the essential surfaces that do not satisfy the meridional incompressibility condition is given in §8 of [15] . The resulting complex carrying all essential surfaces in the Whitehead link complement according to [15] is the 2-complex shown in Figure 10 (c). This does not agree with our argument in §6.5 that the space PLpWq of essential surfaces is as shown in Figure 10 (a). A possible explanation is that the isotopy between the once-punctured tori S 7 and S 8 was missed in [15] , because they are represented as non-isotopic surfaces in Figure 10 (c).
Boundary curve space
The boundary curve space can be computed from the complex PLpWq. The surfaces carried by the segment r5, 3s in Figure 10 (b) have the same boundary curves are those carried by r5, 2s. Similar for r3, 5 1 s and r2, 5 1 s. All other surfaces are uniquely determined by their boundary curves. Moreover, the projectivised curves match up as shown in Figure 11 (a). The dotted blue segments correspond to boundary curves of surfaces that are not meridionally incompressible. Figure 11 : Boundary curve space
Using the notation of Lash [25] , the boundary curve space is described explicitly as:
Lash [25] only lists segments a-g and we include h and i to account for the surfaces that are not meridional incompressible. We also changed the sign of the meridian coordinates in [25] to account for a difference in conventions. We remark that Lash [25] and Hoste-Shanahan [20] appear to compute only the space of projectivised boundary slopes of essential surfaces that are meridional incompressible, following only the main algorithm of Floyd and Hatcher. This explains why their spaces are not connected.
Surfaces and boundary curves arising from degenerations
The logarithmic limit set of the deformation variety DpT W q and the logarithmic limit set of the eigenvalue variety E 0 pWq are determined in this section. Together with the results on essential surfaces of the previous section, these computations show that all strict boundary curves of W are detected by the Dehn surgery component of the character variety. Since the boundary curves of fibres are detected by reducible characters, this shows that all boundary slopes of the Whitehead link are strongly detected. In addition, it is shown that D 8 pT W q has a fake ideal point, and some interesting degenerations are analysed in detail.
The logarithmic limit sets
The tropical variety D 8 pWq is determined in Appendix D and shown in Figure 12 (a). The above analysis of the rational maps and the normal surfaces together with the results concerning strongly detected boundary curves in [39] also determines the logarithmic limit set of E 0 pWq, which is shown in Figure 12 (b). As discussed above, the isotopy relation is given by the action of the Klein four group K f , and the respective quotient spaces are shown in Figure 13 .
It follows from this calculation and Theorem 13 that all non-fibre essential surfaces in W are detected by the deformation variety and the character varieties. Moreover, no fibre is detected by the deformation variety nor the geometric component in the character variety. We also note that (1) there is a fake ideal point, namely the centre V 0 of the central square, which corresponds to an ideal point of the deformation variety that maps to a finite point of the character variety and the associated surface compresses to two boundary parallel tori;
(2) each ideal point that is in the interior of the segments rV 1 , V 0 s, rV 2 , V 0 s, rV 3 , V 0 s or rV 4 , V 0 s detects a surface that is not incompressible but can be compressed to an essential dual surface. 
Detected slopes
The relationship between ideal points of the PSL 2 pCq-eigenvalue variety EpWq and ideal points of the deformation variety DpWq has already been discussed, and it follows that the logarithmic limit set of E 0 pWq is as pictured in Figure 12(b) . In particular, all these slopes arise from sequences of irreducible representations. This was already shown for the slopes of meridional incompressible surfaces by Lash [25] , and the present computation extends this to the boundary slopes of all essential surfaces that are not fibres.
Observation 25 Let S Ă W be an essential surface that is not a fibre. Then the boundary slopes of S are strongly detected by a sequence of irreducible representations.
It is well known that the boundary slopes of fibres are strongly detected by sequences of reducible representations. The slopes detected by both reducible are irreducible representations are precisely the slopes of the once-punctured tori in N 1 and N 1 1 . There are sequences of shape parameters which converge to ideal points corresponding to elements of N 1 and N 1 1 giving rise to sequences of irreducible representations in the character variety since the eigenvalue of a longitude is constant equal to´1 throughout the degeneration. There also are sequences of reducible representations detecting the same slopes:
where m Ñ 0 or m Ñ 8.
Some interesting degenerations
Recall that D 1 pT W q is defined by 1 " wxyz and wxp1´yqp1´zq " p1´wqp1´xqyz, (39) and that for any w, x, y, z P C´t0, 1u subject to these equations, there is a unique point on DpWq. We will now describe sequences of points in D 1 pT W q which correspond to well-defined sequences in DpWq approaching the desired ideal points.
1. The point pw, x, y, zq " pw,´w´1, w,´w´1q satisfies equations (39) for any w P C´t0u, and if w has positive imaginary part, it defines a positively oriented triangulation of W , and in particular an incomplete hyperbolic structure on W . This implies that the triangulation can be deformed through positively oriented tetrahedra from the complete structure where w " i to the ideal points where w Ñ 0 or w Ñ˘1. These points correspond to V 1 and V 3 for w Ñ 1 and w Ñ´1 respectively, and to 1 2 pV 16`V19 q for w Ñ 0, since the growth rates of all parameters are equal. We give one example, where we scale to integer coordinates. As w Ñ 0, the ideal point ξ " p´1, 0, 1, 1,´1, 0,´1, 0, 1, 1,´1, 0q
is approached. The corresponding normal Q-coordinate is N pξq " p0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1q, whilst 1 2 pN pS 16 q`N pS 19" p0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1q, which we can rescale to 1 2 pV 16`V19 q. Moreover, one easily obtains the limiting eigenvalues. As w Ñ 0 there are the following power series expansions for the resulting eigenvalues:
The first two equations reflect the fact that one cusp is complete, and comparing the growth rates at the second cusp (remembering that u is the square of an eigenvalue, whilst v is an eigenvalue) gives a point in boundary curve space with coordinates r0, 0, 4, 1s.
2. For any w P C´t0,˘1u, the point pw, x, y, zq " pw,
gives a point on DpWq. Note that the associated triangulation involves either only flat tetrahedra or both positively and negatively oriented ones. One may use power series expansions to show that a detected surface for w Ñ 0 is S 8 :
x " 1´w 1`w " 1`2
Thus, as w Ñ 0, the ideal point ξ " p´1, 0, 1, 0, 1,´1, 0, 0, 0, 1,´1, 0q
is approached. The corresponding normal Q-coordinate is N pξq " p0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1q, which coincides with the normal Q-coordinate of S 8 , and may be rescaled to V 8 .
Detecting elements of
Formal substitution of these assignments in the defining equations of the deformation variety shows that whenever the expressions are defined for any small, non-zero , they determine a point of DpWq. Since w is differentiable at " 0 and takes the value wp0q "´1˘? 5 2 , it follows that w and y have converging power series expansions at " 0, and y has a zero of order one at " 0. The first few terms are:
Thus, as w Ñ 0, we approach ξ " p0, 0, 0,´1, 0, 1,´1, 0, 1, 2,´2, 0q.
A detected surface is therefore S 13 .
4. Let pw, x, y, zq " pw, w´1, w´1, wq. Then w Ñ 1 approaches an ideal point corresponding to V 0 . The chosen degeneration is through triangulations involving positively and negatively oriented tetrahedra, or triangulations which are entirely flat. In fact, there cannot be a degeneration through positively oriented tetrahedra to this ideal point, since the hyperbolic gluing equation 1 " wxyz would imply that throughout this degeneration argpwq`argpxq`argpyq`argpzq " 2π , whilst for each parameter the argument converges to zero.
Experimentation with SnapPy suggests that elements from all but the fourth set can be approached through degenerations only involving positively oriented tetrahedra. Using the projection of the righthanded Whitehead link, the following surgery coefficients can be approached through degenerations involving positively oriented triangulations:
• p8q, p4, 1q. Four tetrahedra degenerate and the splitting surface is a 1-sided Klein bottle.
• p8q, p0, 1q. Two tetrahedra degenerate and two become flat with parameters equal to´1. The splitting surface is a 2-sided torus.
• p4, 0q, p0, 2q. Three tetrahedra degenerate, the remaining tetrahedron has shape 1 2`1 2 i. The limiting orbifold has volume approximately 0.9159. (SnapPy does not compute a splitting surface if all cusps have been filled.)
• p8, 2q, p4, 2q. Three tetrahedra degenerate, the remaining tetrahedron has shape 1`i, and the limiting orbifold has volume approximately 0.9159. (Dito concerning the splitting surface.)
These examples will be put in a general framework in [40] .
Appendices

A Manifold data
The "gluing and completeness" data obtained from SnapPy is given in Table 7 . The relationship to the shape parameters used here is: w " z 1 1 , x " z 2 2 , y " z 2 3 and z " z 2 4 . From this, one can verify that the holonomies of the peripheral elements given by SnapPy are the inverses of the holonomies of the meridians and geometric longitudes given above, where SnapPy's cusp 0 corresponds to the green cusp (here: cusp 1), and cusp 1 to the red cusp (here: cusp 0). We have E 0 pWq " EpWq´E r pWq, where the overline denotes the Zariski closure. With respect to the chosen affine coordinates, we have E r pWq " tt " v " 1u, which is 2-dimensional. E 0 pWq is 2-dimensional since it is the closure of the image of the eigenvalue map. From this, it also follows that the intersection of E 0 pWq and E r pWq is a union of two lines:
The following calculations use well known elimination and extension theorems which can be found in [10] . Consider CpWq and the eigenvalue map e (see equation (31) ). The rational functions determining the eigenvalues of the longitudes are:
t "ϑ L t 0 pρq " s´2´s´2u 2`u2`c p2s´1u`s´3u´1´s´3uq`c 2 s´2, v "ϑ L t 1 pρq " u´2´u´2s 2`s2`c p2u´1s`u´3s´1´u´3sq`c 2 u´2. Then s 2 t´u 2 v " s 2´u2`c psu´1´s´1uq. Since CpWq is not contained in the hyperplane s 2 " u 2 , this shows that the map e : CpWq Ñ E 0 pWq has degree one, and also determines an inverse mapping: ps, t, u, vq Ñˆs, u, s 2 pt´1q`u 2 p1´vq su´1´s´1u˙.
Recall the defining equation (25) of CpWq: f 1 " ps´s´1qpu´u´1q`cps´2u´2´u´2´s´2`4´s 2´u2`s2 u 2 q c 2 p2s´1u´1´su´1´s´1u`2suq`c 3 .
Two additional polynomials f 2 " s 3 ut`. . . and f 3 " su 3 v`. . . are obtained from the above expressions for t and v. The only variable to be eliminated is c, and the leading coefficients of c in f 1 , f 2 and f 3 are monomials in Crs, us. The elimination is done using resultants (see [10] for details). Since s and u are units, it follows that the eigenvalue variety is defined by Respf 1 , f 2 , cq " Respf 1 , f 3 , cq " Respf 2 , f 3 , cq " 0. Eliminating redundant factors from the resultants gives the following set of defining equations for E 0 pWq: h 1 " t´s 2 t`s 2 t 2´s4 t 2´u2´2 s 2 tu 2`s4 tu 2´t2 u 2`2 s 2 t 2 u 2 s 4 t 3 u 2`t u 4´s2 tu 4`s2 t 2 u 4´s4 t 2 u 4 ,
h 3 " s 4 t´s 6 t´s 2 tu 2`s4 tu 2`s6 t 2 u 2´s2 u 2 v u 4 v`s 2 u 4 v´2s 4 tu 4 v´u 6 v`s 2 u 6 v 2 .
The mapping (40) is not defined when s 2 " u 2 . One may now compute the defining equations of the subvariety of E 0 pWq on which it is not defined:
0 "´t`s 2 p1`tq`s 4 tp1´tq´s 6 t 2 p1`tq`s 8 t 2 .
With a little more effort, one can compute the following inverse mappings defined on two open sets, which cover all but eight points of the eigenvalue variety: e´1 1 : E 0 pWq Ñ CpWq ps, t, u, vq Ñ˜s, u, ps 2´v qp1´u 2 q sup1`vq¸( 41) e´1 2 : E 0 pWq Ñ CpWq ps, t, u, vq Ñ˜s, u, pu 2´t qp1´s 2 q sup1`tq¸ ( 42) The points corresponding to the complete structure are always singularities of the eigenvalue varietyhere determined by the points where t " v "´1 and s 2 " u 2 " 1. The other points of E 0 pWq where neither of the above maps are defined are subject to t " v "´1 and s 2 " u 2 "´1.
The defining equations for the PSL 2 pCq-eigenvalue variety can be worked out from CpWq similarly to the above, or from the results of the previous subsection using Lemma 17. In particular, one has:
t "ϑ L t 0 pρ GL q " s´1´s´1u`u`dp2s´1`s´2u´1´s´2q`d 2 s´2u´1, v "ϑ L t 1 pρ GL q " u´1´u´1s`s`dp2u´1`u´2s´1´u´2q`d 2 u´2s´1. Then su 2 v´s 2 ut " su 2´s2 u`dpu´sq implies that the degree of the map CpWq Ñ EpWq is equal to one. It follows from the above discussion that there are only two points where neither of the following inverse maps is not defined: 
The results of this and the previous subsections are summarised in the following lemma. This provides an alternative proof of Lemma 18.
Lemma 26
The varieties CpWq and E 0 pWq are birationally equivalent, and so are the varieties CpWq and E 0 pWq.
B.2 Dehn fillings on one cusp
If one of the cusps is assumed to be complete, then the resulting subvariety, which parametrises hyperbolic Dehn fillings on the other cusp, is defined by:
0 " 1´t`4st´s 2 t`s 2 t 2 when u " 1, v "´1,
0 " 1´v`4uv´u 2 v`u 2 v 2 when s " 1, t "´1.
The boundary curves p0, 0, 0, 1q, p0, 0, 4, 1q and p0, 1, 0, 0q, p4, 1, 0, 0q are detected by these curves respectively. The above equations may be written as the following well-defined trace relations:
4 " tr ρpM 2 i q´tr ρpM 2 i L t i q " tr ρpM 2 i q´tr ρpL g i q where i P t0, 1u.
Curves in DpT W q corresponding to these curves in the eigenvalue variety can readily be determined. Consider points in E 0 pWq of the form p1,´1, u, vq. The preimage under r of such a point is of the form ϕ´1pw,´w´1, w,´w´1q for some w P C´t0,˘1u, and hence H 1 pM 1 q " 1`w wp1´wq and H 1 pL t 1 q " w 2 .
B.3 Eigenvalues at pw, x, y, zq " p1, 1, 1, 1q
Using the implicit function theorem, the eigenvalues at the ideal point ξ " p0, 1,´1, 0, 1,´1, 0, 1,´1, 0, 1,´1q
where w, x, y, z Ñ 1 can be computed. Note that this point maps to a singularity of D 1 pT W q. We use the projection pw, x, y, zq Ñ pw, y, zq, with image defined by:
0 " gpw, y, zq " w´wy´wz`yz´wy 2 z 2`w2 y 2 z 2 .
The holonomies of meridians take the form H 1 pM 0 q "´yz 1´w 1´y , H 1 pM 1 q "´1´z yzp1´wq , and as ξ is approached, the eigenvalues of the longitudes converge to one. Since the growth rates of all parameters are equal, let w " 1` , y " 1´s´1 ` Y z " 1´u , and we are seeking Y p q such that gpwp q, yp q, zp" 0 for all P B δ p0q and Y p0q " 0 for some s, u P C´t0u. Substitution yields a polynomial F p , Y q, and the implicit function theorem applies if ps´1qpu´1q " 0. We have H 1 pM 0 q " p1´u qp1´s´1 ` Y q s´1`Y and H 1 pM 1 q " u p1´u qp1` q .
Thus, for any s, u P C´t0u, one can obtain the limiting eigenvalues p1, 1, u, 1q and ps, 1, 1, 1q as ξ is approached. These eigenvalues are precisely the eigenvalues of the reducible representations in CpWq.
C Character varieties
A complete description of the character varieties associated to W is now given.
Since CpWq is irreducible, it follows that the SL 2 pCq-character variety is of the form XpWq " X 0 pWq Y X r pWq, where X 0 pWq is the Dehn surgery component and X r pWq is the set of reducible characters. A defining equation for the SL 2 pCq-Dehn surgery component can be worked out from CpWq. Let X " tr ρpM 0 q, Y " tr ρpM 1 q and Z " tr ρpM 0 M 1 q, then X 0 pWq is defined by 0 " F pX, Y, Zq " XY`p2´X 2´Y 2 qZ`XY Z 2´Z3 .
The set of reducible characters is parametrised by tr ρrM 0 , M 1 s " 2, which is equivalent to:
The form of the relator in (23) implies that a PSL 2 pCq-representation lifts to SL 2 pCq if and only if the relator is equal to the identity in SL 2 pCq for any assignment of matrices representing the PSL 2 pCqrepresentation. The Dehn surgery component of the PSL 2 pCq-character variety can be worked out from (48). With X " X 2 , Y " Y 2 and Z " Z 2 one obtains:
Note that F pX 2 , Y 2 , Z 2 q " F pX, Y, ZqF p´X, Y, Zq " F pX, Y, ZqF pX,´Y, Zq.
Computation of PSL 2 pCq-representations which do not lift to SL 2 pCq reveals that there is only a finite set, parametrised by pX, Y , Zq " p0, 0, 2˘?2q. These points do not satisfy F , and the corresponding representations are irreducible on the peripheral subgroups, with image isomorphic to Z Z 2 ' Z Z 2 . In particular, they do not contribute any points to the PSL 2 pCq-eigenvalue variety. Thus, all boundary curves which are detected by E 0 pWq are also detected by E 0 pWq.
in the variables w, w 1 , w 2 , x, x 1 , x 2 , y, y 1 , and y 2 . The last three of these generators, respectively, are: 1 wxy´w 2 x 2 wxyy 2´1 , 1 w 1 x 1 y 1 w 22 x 22´1 w 1 x 1 y 1 w 22 x 22 wxy´1 , w 2 x 2 y 2´1 w 2 x 2 y 2 w 1 x 1 y 1´1 .
We multiply each of these by the least common multiple of its denominators, thus clearing denominators. This gives the ideal:
x 2´x2 x 1´1 , y´yy 2´1 , y 1´y1 y´1, y 2´y2 y 1´1 , y 2´w2 x 2´w xyy 2 , w 1 w 22 x 1 x 22 y 1´1´y2 w 2 x 2 w 1 x 1 y 1 , wxy´1´w 1 w 22 x 1 x 22 y 1 wxyy.
Since ww 1 w 2`1 , xx 1 x 2`1 , and yy 1 y 2`1 are in J, we make the following substitutions:
and clear denominators as before. After deleting repeated elements, we are left with four generators:
K " xww 1`1´w1 , xx 1`1´x1 , yy 1`1´y1 , yy 1´w2 x 2 yw 1 x 1`w w 1 xx 1 y.
We relabel the variables so they are alphabetically contiguous, starting from the beginning of the alphabet, as follows: w Ñ a, w 1 Ñ b, x Ñ d, x 1 Ñ e, y Ñ c, y 1 Ñ f.
We now perform a few operations to make computing the tropical variety easier. Namely, we homogenise the ideal by first homogenising the generators and then saturating with respect to the homogenising variable. For ideals I 0 and J 0 , the saturation is the set of all elements f in the ambient ring such that J N 0 f is contained in I 0 , for some integer N . Saturating an ideal by a principal monomial ideal does not alter the tropical variety.
We homogenise using the variable g and call the resulting ideal L:
L " xab`g 2´b g, de`g 2´e g, cf`g 2´f g, cf g 5´a2 d 2 cbe`abdeg 3 y.
We saturate L with respect to xgy and find minimal generators, using Macaulay 2 [17] . The final ideal is:
xde´eg`g 2 , cf´f g`g 2 , ab´bg`g 2 , acd´ace`acg´bcd`bce´bcg´beg`bg 2`c dg´ceg`cg 2`e g 2´f g 2 y.
Next we run Gfan's commands tropical starting cone and tropical traverse on these generators, and we obtain a tropical variety isomorphic to the tropical variety of I with the isomorphism determined by the above substitutions. The result is shown in Figure 12 (a).
